Abstract. "Percolation dimension" is introduced in this note. It characterizes certain fractals and its definition is based on the Hausdorff dimension. It is shown that percolation dimension and "boundary dimension" are in a sense independent from the Hausdorff dimension and, therefore, provide an additional tool for classification of fractals.
For a connected set A ⊂ R 2 and x, y ∈ A let F A (x, y) denote the family of all connected subsets of A which contain x and y. If p-dim A = p-dim A then the common value will be denoted p-dim A and called the percolation dimension of A.
Remarks. (i) If
A ⊂ R 2 is closed, contains at least 2 points and !-dim A, b-dim A and p-dim A exist then obviously
The theorem below will show that there are no other relations between the three dimensions. Moreover, an effort will be made to construct a set A which is compact and locally connected, so that it appears quite "natural", at least from the topological point of view.
(ii) Let A = X([0, 1]) be the set of all points visited by a 2-dimensional Brownian motion X between times 0 and 1. Intuition suggests that
The last equality is well known. Mandelbrot (1982) conjectures that b-dim A = 4/3. The author plans to prove in a future article that b-dim A ∈ [1.01, 1.6].
(iii) Fractals with simple geometric or topological structure have trivial percolation dimension. For example, the percolation dimension of a Koch curve is equal to its Hausdorff dimension; percolation dimension of the Sierpiński carpet is 1 (see Mandelbrot (1982) for definitions of these fractals).
(iv) The idea of using several numbers to characterize a fractal model appears in Mandelbrot (1982) , see e.g. Sections 7 and 13.
Before the main result is stated, a few classical definitions will be reviewed. The complex plane C will be identified with R 2 , the imaginary unit will be denoted i. A set homeomorphic to [0, 1] will be called a Jordan arc. A set homeomorphic to a circle will be called a closed Jordan arc. For a Jordan arc Γ, Int Γ will denote Γ without its endpoints. An open, simply connected set whose boundary is a closed Jordan arc will be called a Jordan domain. An analytic, one-to-one function defined on a Jordan domain may be continuously extended to the boundary.
Theorem. For all α, β, γ satisfying
there exists a compact, connected and locally connected set F ⊂ R 2 such that
Proof. The proof will consist of several steps.
Step 1. For each α ∈ [1, 2] there exists a Jordan arc Γ with endpoints 0 and 1, such that !-dim Γ = α and
Proof. The construction is given in Mandelbrot (1982) Section 6. A few more details will be supplied here.
It is easy to see that for k ≥ 1 one can choose positive integers N k and n k and closed line segments ∆
for some integers p and q,
k is a Jordan arc with endpoints 0 and 1, ) with a rescaled copy of T k .
It is easy to check that Γ k 's converge to a Jordan arc Γ with endpoints 0 and 1,
Observe that Γ k (and Γ as well) may be covered by
centered at the endpoints of line segments constituting Γ k . Standard techniques show that
Step 2. Suppose that D ⊂ C is a Jordan domain, x, y ∈ ∂D, x = y, and α ∈ [1, 2] . Then there exists a Jordan arc Γ with endpoints x and y, such that Int Γ ⊂ D and !-dim Γ = α.
→ D be analytic, one-to-one and onto. Moreover, choose f so that it maps 0 and 1 onto x and y. Let Γ 1 be a Jordan arc with endpoints 0 and
It is elementary to check that the Hausdorff dimension is conformal invariant. Thus !-dim Γ = α and Γ has all the desired properties.
Step 3. There exists a homeomorphism h : 
It is evident from the definition that
M 0 → M 1 such that if h(A 0 k ) = A 1 k , h(B 0 ) = B 1 , h(C 0 ) = C 1 , h(D 0 ) = D 1 , and h(E 0 ) = E 1 then !-dim A 1 k = α, !-dim B 1 = β and !-dim C 1 = γ.so that B 1 ∪ C 1 ∪ k n=1 A 1 n is homeomorphic to B 0 ∪ C 0 ∪ k n=1 A 0 n and !-dim A 1 k = α.
It is easy to see that
and, moreover, there exists a homeomorphism h with the properties specified above.
Step 4. In this step, the set F will be constructed.
The set M 
) with the following properties: Step 5. It will be proved that the set F constructed in the previous step satisfies the theorem.
(i) The set F is bounded and closed so it is compact. It is easy to see that it is connected (even arc-connected) and locally connected.
(ii) It will be proved that 
. It follows that F may be covered by balls with radii p m ,
. Since n is arbitrary, dim F ≤ γ.
To see that !-dim F = γ, observe that the set 
This and the previous inequality prove that b-dim F = β.
(iv) Finally, it will be shown that p-dim F = α.
is connected (even arc-connected) and dense in F . Thus, for any x, y ∈ F , the set {x, y} ∪ A ∞ is connected and has dimension α; therefore,
To prove that p-dim F ≥ α, consider first x, y ∈ D 1 , x = y. Let Z be a connected set such that Z ⊂ F and x, y ∈ Z. It is easy to see that Z 
